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Abstract 

Let < m < n > 3, a - and $ > n _2^ mn for some constant p > 0. Suppose 
v is a radially symmetric symmetric solution of '-^-Av™ + av + jSx • Vv = 0, v > 0, 
in R". When m = the metric g = y^cfo 2 corresponds to a locally conformally 
flat Yamabe shrinking gradient soliton with positive sectional curvature. We prove 
that the solution v of the above nonlinear elliptic equation has the exact decay rate 
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1 Introduction 

Recently there is a lot of study on the equation, 

n-1 



m 

where 



Av m + av + fix ■ Vv = 0, v>0, inR" (1.1) 



n-2 

0<m< , n > 3, (1.2) 

n 



and 

a = (1.3) 
1 - m 



for some constant p € R by P. Daskalopoulos and N. Sesum MDS2I1 , S.Y. Hsu ED, El, 
M. A. Peletier and H. Zhang |PZl and J.L. Vazquez ED. In the paper llDS2l P. Daskalopou- 
los and N. Sesum (cf. flCSZ| , | |CMM| ) proved the important result that any locally confor- 
mally flat non-compact gradient Yamabe soliton g with positive sectional curvature on a 
n-dimensional manifold, n > 3, must be radially symmetric and has the form g 



■"dx 2 



V"+ 2 



where dx 2 is the Euclidean metric on R n and v is a radially symmetric solution of 
with m = ^| and a, ft, satisfying (|1.3|) for some constant p > 0, p = or p < 0, depending 
on whether g is a shrinking, steady, or expanding Yamabe soliton. 



On the other hand as observed by B.H. Gilding, L. A. Peletier and H. Zhang IGPL [PZ| , 
and others ||DS1|[ , BDS2] , QVlf . | |V2] , also arises in the study of the self-similar solutions 
of the degenerate diffusion equation, 



u t = - — -Au m in R" x (0, T). 

m 



(1.4) 



For example (cf. PHI] , [VI] ) if v is a radially symmetric solution of with 

2^ + 1 



a 



1 - ra 



>0, 



then for any T > the function 



u(x,t) = (T - t) a v(x(T - if) 



(1.5) 



is a solution of (|1.4|) in R" x (-co, T). We refer the reader to the book [Vll and the paper 



[HI] for the relation between solutions of (|1.1|) and the other self-similar solutions of (|1.4|> 
for the other parameter ranges of a, p. 



Note that when v is a radially symmetric solution of (|1.1|) . then u satisfies 



1 



(u m )" + 



n 



1 



t) 



(u m )' + av + firv' = 0, u > 0, in (0, oo) 



(1.6) 



and 



(1.7) 



r p(o) = t] 

\o'(0) = o 

for some constant r\ > 0. Existence of solutions of (|1.6|) , (|1.7[) , for the case n > 3, < m < 
(n — 2)/n, p > and a < f3(n -2) /m is proved by S.Y. Hsu in ||H1[ . On the other hand by 
the result of |PZ| and Theorem 7.4 of |V1| if (|1.2|) holds, then there exists a constant j6 with 
j6 = when m = ^| such that for any a = and jS > jS, there exists a unique solution of 
(lL6l , (|L7|) . Moreover if < a = f^J and ^ < jS, then (Q, ((LZl), has no global solution. 

Since the asymptotic behavior of solutions of (|1.4|) is usually similar to the behavior 
of the radially symmetric self-similar solutions of (|1.4[) , hence in order to understand the 
asymptotic behavior of solutions of (|1.4|) and the asymptotic behavior of locally confor- 
mally flat non-compact gradient Yamabe soliton, it is important to study the asymptotic 
behavior of the solution of (|1.6|) , 1)1.7) . 
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Exact decay rate of solution of (|1.6|) , (|1.7|) , for the case 

2jS 



and the case 



a 



2jS 



> 



1 - m 



1 - m 



> max(a, 0), 



with m, n, satisfying (|1.2|) is obtained by S.Y. Hsu in QH1J . When (|1.2[) and (|1.3|) hold for 
some constant p > 0, although it is known (||DS2, [VI] ) that solution v of (|1.6|) , (|1.7|) , 

2 

satisfies u(r) = 0(r"~) as r — > oo, nothing is known about the exact decay rate of v. In 
|H2| when m = j6 > > 0, S.Y. Hsu by using estimates for the scalar curvature of 

the metric g = v^dx 2 where v is a radially symmetric solution of proved that 

(» - 1)(« - 2) 



lim ri)(r) = 



P 



(1.8) 



In this paper we will extend the above result and prove the exact decay rate of radially 
symmetric solution v of when (|1.2|) and (|1.3|) hold for some constant p > 0. More 
precisely we will prove the following theorem. 



Theorem 1.1. Let r\ > 0, p > 0, m, n, a, /3, satisfy (|1.2[) , (|1.3|) , and 

rap 



n — 2- mn 



(1.9) 



Suppose v is a solution of (|1.6|) , (|1.7[) . TTzen 

2 _ m 2(n-l)(n(l-m)-2) 



lim ru(r) 



Remark 1.2. The function 



v Q {x) = 



(1 -m)(a(l -m)-2j8)' 



2(n - l)(n(l - m) - 2) 



(1.10) 



(1.11) 



v (l-m)(a(l-m)-2 i 6)|x| 2 / 
zs a singular solution of (|1.1|) m IR >! \ {0}. Tfu zs a solution of (|1.1[) , then for any A > the function 



v y \(x) = A!-'"u(Ax) 



(1.12) 



zs zzZso a solution of (|1.1|) . 



Corollary 1.3. Lef p, ra, n, a, /3, satisfy (|1.2|) , (|1.3|) , (|1.9|) . Suppose v is a radially symmetric 
solution of (|1.1|) , and u , £>a, gz'uen by (jl.llj) and (|1.12|) respectively. Then V\(x) converges 
uniformly on W \ B R (0) to Vo(x)for any R > as A — > oo. 



3 



Corollary 1.4. (cf ilH2f ) The metric gu = v^dx 2 , n > 3, of a locally conformally flat non- 
compact gradient shrinking Yamabe soliton where v is radially symmetric and satisfies with 
m = jr£, and ft > | > 0, a, satisfying (|1.3|) has the exact decay rate (|1.8|) . 

Since the scalar curvature of the metric gij = v^dx 2 , n > 3, where v is a radially 
symmetric solution of with m = ^| is given by ( I1DS21 , |H2|), 

(rv'(r)\ 
a + ^)' 

by Corollary 11.41 and an argument similar to the proof of Lemma 3.4 and Theorem 1.3 of 
|H2I| we obtain the following extensions of Theorem 1.2 and Theorem 1.3 of ||H2|| . 

Theorem 1.5. Let m = n > 3, /3 > | > 0, a, satisfy (|1.3|) . Let v be a radially symmetric 
solution of T/zen 

n/(r) 2 

lim — Y = -- (1.13) 

; -^oo j7(r) 1-m 

and the scalar curvature R(r) of the metric gij = v^dx 2 satisfies 

lim R(r) = p. 

r— >oo 

IfK and Ki are the sectional curvatures of the 2-planes perpendicular to and tangent to the spheres 
{x} x S"" 1 respectively, then 

lim K (r) = 0, 

r— >oo 

and 

limKi(r) - 



(n - \){n - 2) 

Corollary 1.6. Let r\ > 0, p > 0, m, n, a, ft, satisfy (|1.2[) , (|1.3[) , and (|1.9|) . Suppose v is a solution 
of CL6]), ((LZl). Tften (1L131 /io/ds. 

The plan of the paper is as follows. We will prove the boundedness of the function 

w(r) = r 2 v{rf- m (1.14) 



where v is the solution of (|1.1[) in section two. We will also find the lower bound of w in 
section two. In section three we will prove Theorem ll.ll and Corollary |1.3[ We will assume 
that (|1.2|) , (|1.3|) , hold for some constant p > and let u be a radially symmetric solution of 
(|1.1|) or equivalently the solution of (|1.6|) , (|1.7[) , for some r\ > 0, and 

2(n - l)(n(l - m) - 2) 



We 



(1 - m)(a(l - m) - 2j8) 



for the rest of the paper. Note that when a = nfi and a = j^, the solution of (|1.1|) is given 
explicitly by (cf. HD521 ) 



, . (2{n-\){n-2-nm)\ l - m , rt 
\ (1 - m)(A 2 + |x| 2 ) / 



which satisfies (|1.10[) . 
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2 L°° estimate of w 



Lemma 2.1. Let p > 0,m, n, a, ft, satisfy (|1.2|) and (|1.3|) and Zef z; be a radially symmetric solution 
of Le£ w be given by (|1.14|) . Suppose there exists a constant Q > snc/z f/za£ 



w(r) < Ci Vr > 1. 

Then any sequence r, — > oo as i — > oo, has a subsequence {io{r' j ))^ =1 such that 

or ztf M zfz^L^R") 



(2.1) 



lim w(r.) = 



where 



or w>! if v & L^R") and jS > 
if v E L^R") and /3 < 



2(n - 1) 



(2.2) 



(1 - m)j8 



(2.3) 



Proo/: Let {r ! }^ 1 be a sequence such that r* — > oo as i : — > oo. By (|2.1|) the sequence {w( r 01^i 
has a subsequence which we may assume without loss of generality to be the sequence 
itself that converges to some constant a e [0, Q] as i — > oo. Integrating (|1.6|) over (0, r) and 
simplifying, 

n-1 a-nB C r „ 

{v m )\r)=prv(r) + —-f z n ~ l v{z)dz Vr > 0. (2.4) 
" n Jo 



m r 
Integrating (|2.4[) over (r, oo), by (|2.1|) we get 



n ^(r)"' = j8 sv(s) ds + J ^pr | z n ~ l v{z) dz \ ds Vr > 0. 



m 



(2.5) 



Let = a~' = lim,-^ rf^v(ri). Then by ([2J}, (Q, and the l'Hospital rule, 



(n - 1) (n-1) 2 
v i_ V n = v i]j m ( r ^v(r)y 



m 



m i— »°° 



jT s?(s) ds _ j£° (J z" l v{z) dz) ds 



=P lim £ + lim 



1— »oo — t: 

r. 1 

/ 



2m 

1-m 



(1 -m) 
2m 

(1-m) 
2m 



6 lim -4^ + (a-np) lim -= — 



^z n - l v{z)dz^ 



+ (a- np) lim 



i— ioo n- 



(2.6) 



We now divide the proof into two cases. 
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Case V.vi L l (W). 

By (|2.6|) and the l'Hospital rule, 



(n-l) um (1-m) 



-b m = 



m 



2m 

(1-m) 
2m 



1-m • 

_{l-m)[a(l-m)-2B] 
2m[n(l - m) - 2] 
a = b = or a = b l ~ m = 



a - nB r" 1 v(r i ) 
+ j--lim 2 

1-m f. 

a-nB \ 

+ H> 

n - 



Case2: v e L^R"). 
By (|Z6l>. 

(n-l) fom = (1-m)^ ^ 
m 2m 
By §27) and dZ8]) the lemma follows. 



a = b = or a = fc 1_m = w 1 if j8 > 
a = b = if /3 < 



Remark 2.2. W/zen /3 > 0, Wi > w OT zfand on/y z/a > nj3. 
Corollary 2.3. Suppose there exist constants Q > C 2 > such that 

C 2 < w(r) < Ci Vr > 1. 



Then (|1.10|) faolds. 

Lemma 2.4. Lei rj > 0, p > 0, B > 0, m, n, a < nB, satisfy (|1.2[) and (|1.3|) . Then 



/ 1 (1 - m)j8 , 



i 

1-m 

Vr > 0. 



(2.7) 



(2.8) 



□ 



(2.9) 



2(n - 1) 

Hence there exists a constant C 2 > such that 

w(r) >C 2 Vr > 1. (2.10) 

Proof: (|2.9|) is proved on P.22 of HDS21 . For the sake of completeness we will give a simple 
different proof here. By (|2.4|) , 

n-1 



m 



■(v m )'(r) <Brv(r) Vr > 



=> -(n - l)v m ^v'(r) <Br Vr > 

=> ^— ^(r)" 7 " 1 - n" 2 " 1 ) <?r 2 Vr > 
1-m ' 2 

and (HD) follows. By (|2~!9"T> , we get (12.101) and the lemma follows. 



□ 



We now recall a result of ||H2] 
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Lemma 2.5. (cf. Lemma 2.3 of HH21 ) Let t] > 0, p > 0, m, n, a > n(3 > 0, satisfy (|1.2|) and (|1.3|) . 



Then there exists a constant Q > such that (|2.1|) holds. 



Proof: This result is proved in [H2J. For the sake of completeness we will repeat the proof 
here. By ((ZHJ), v'(r) < for all r > 0. Then by (|Z4"1> . 



n-1 



in 



r n -\v m )'{r) < -fir n v{r) - {a 



nfi) f z n ~ l v 
Jo 



(r)dz = --r n v{r) Vr > 
n 



v m -\r)v'(r) < - 



a 



n(n - 1) 



Vr>0 



. . / «(1 - m) 2 ^ 



< 



2n(n-l) _ 2 "| 
. a(l - m) 



Vr > 0. 



Hence (|2.1|) holds with Q = 2 ^"_^ and the lemma follows. 



□ 



Lemma 2.6. Le£ t] > 0, p > 0, m, n, < a < nfi, satisfy (|1.2|) and (|1.3|) . TTzen f/zere exzsfs a 
constant C\ > swc/z f/zaf (|2.1|) /zoMs. 

Proof: Let A = {r G [1, oo) : zt/(r) > 0}. We now divide the proof into two cases. 
Case 1: A n [R , °°) * VR > 1. 

We will use a modification of the proof of Lemma 3.2 of [H2| to proof this case. By Lemma 
12 .41 there exists a constant C2 > such that (|2.10[) holds. Hence by (|2.10|) , 



2 1 _ 2 

r"z?(r) = r n ~~>w{r)~' > Crr n ~~' Vr > 1 



We now claim that 



r"v(r) — > 00 as r 00. 

f z' !_1 i;(z) rfz 1 _ 



lim sup 

reA r r"v(r) 

r— >oo 



< 



in 



n(l - m) - 2 



(2.11) 
(2.12) 



We divide the proof of the above claim into two cases. 

z" _1 z;(z) rfz < 00. 
By (|2TT) we get (IZ12l> . 

z" _1 z;(z) dz = co. 

Since 

^-(r n v(r)) = (n - — ] r n ~ l v(r) + — - — r n ~^w^(r)w'(r) >(n — ] r" _1 z;(r) Vr g A, 

dr \ 1 - ml 1 - m \ 1-ml 

by (IZTT) and the l'Hospital rule, 

f'z n ~ 1 v(z)dz r n - x v{r) 
lim sup — — = lim sup 

reA r n V{r) reA ( n _ ^\ r n-l v ( r \ + ^ r n-T^ w ^f r \ w ,( r \ 

r->oo r->co V \-m) v ' 1-m v ' v ' 



\ 1-mJ 
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n(l-m)-2" 

f Q z n ~ 1 v{z)dz (\-m) 



and \2.12) follows. Let < 5 < By (I2.12|) there exists a constant Ri > 1 such that 

5 



r n v(r) 



< 



+ 



n(l-m)-2 l + n(}-a 



z n ~ l v{z) dz < 



(1 -m) 



+ 



n(l-m)-2 l + nf}-a 



Vr>Ri,r e A 



r n v{r) Vr>R lr reA. 



(2.13) 



By (Ell) and (1Z131) , 

n-1 



m 



t(nB -a)(l -m) 
r n -\v m Y(r) < - pr n v(r) + \ — „\ „ + <5 1 r n v{r) 



< 



P 



(n - l)v m - 2 v'(r) < 



n(l-m)-2 
P 



^n(l -m) -2 
Hence there exists a constant C 3 > such that 
rv'(r) 



n(l - m) - 2 
- sj r n v(r) \fr>R lf reA 

-b\r ^/r>R 1> reA. 



< -C 3 r 2 v{r) l ~ m = -C 3 w(r) Vr > R v r e A 



v(r) 



„ . 2w(r) ( 1-m rv'(r)\ 2w(r) / (l-m)C 3 , ,\ v , 
< n/(r) = — — 1 + — < — — 1 - r-^w(r) Vr > Ri,r e A 



w(r) < 



u(r) 

Vr >Ri,r€A. 



(l-m)C 3 

Let Y\ £ A n oo). Then for any r' e (r lr oo) \ A, there exists r 2 e A n [r lr oo) such that 

iy'(r) < Vr 2 < r < r' and w/(r 2 ) = 
2 



(2.14) 



w{r') < w(r 2 ) < ~ W>r lf r'^A (by (EH). (2.15) 
(1 - ra)C 3 



By (E3U and dZTBI) . 



w(r) < 



Vr > n 



(l-m)C 3 

and (|2.1|) holds with Ci = max ( (1 _^ )C3 / maxi< r < ri w(r)J. 

Case 2: There exists a constant R > 1 such that A n [R / °°) = 



Then w'(r) < for all r > R . Hence (|2.1[) holds with Q = maxi^^ w(r) and the lemma 
follows. □ 



3 Proof of Theorem ILI 



We first recall a result of [H1J 
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Lemma 3.1. (cf. Lemma 2.1 of l\H11 ) Let r\ > 0, m, n, a > 0, B + satisfy (|1.2[) and 

ma 



< n-2. 



Lef u be i/xe solution of (|1.6|) , (|1.7|) . TTzen 



y(r) + -rz/(r) > Vr > 



and 



v'(r) < Vr > 0. 
Lemma 3.2. Let p > 0, m, n, a > nB, satisfy (|1.2|) , (|1.3|) and (|1.9|) . Then 

\imr n - 2 v m (r) = oo. 



(3.1) 
(3.2) 

(3.3) 



Proof: Suppose (|3.3[) does not hold. Then there exists a sequence {r,}^, r, — > oo as z — > oo, 
such that r"~ 2 v m (ri) — > «i as z — > oo for some constant a\ > 0. By Lemma IZTI the sequence 
{r;}", has a subsequence which we may assume without loss of generality to be the 
sequence itself such that zo(r,) —> a 2 as z —> oo where a 2 = 0, w^, or with W\ being given 
by (|2.3|) . By (|2.5|) , Lemma [231 Lemma [2761 and the l'Hospital rule, 

(rz-1) (rz-1) „_ 2 

limr" z;(r,) 



in 



-a.\ 



m i^oo 



£sv(s)ds J r ^^(£z n - 1 v(z)dz)ds 
=B lim — h lim ■ 



JZ-n 



r 2-n 



B a-nB r" , 

lim r n i v{r i ) + f lim z n ~ x v{z)dz 



n-2 i- 
g 

rz — 2 i- 



n-2 

o o 1 a-nB 

limrf fyr,-)™ • lim rf u(r ; ) 1_m + 



x — nB r°° „ . 
"-2 Jo 



(z)dz 



B a-nB 
a\tt2 + 



n-2 



*~nP r z n-i 
n-2 Jo 



v(z) dz. 



Hence 



a-nB 
a\ 



Jo 



(n - !)(« - 2) 
z;(z)dz = — Ba 2 . 



m 



By (|2U and (13741 , 



-(rz - 1) lim -^f^ =J 6 limr^^,) 1 "'" + lim - 



v{r t ) 



(a - nB) 

r n ~ 2 v(r 



d m Jo 



v(z) dz 



(3.4) 



(3.5) 



(rz - l)(rz - 2) 



m 
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Hence 



By CLS, Q and (lL9l . 



lim 



^fc) = (n-2) 
vfo) 



m 



(3.6) 



ma 

7 



< n -2 



holds. Hence there exists a constant e > such that 

ma 

T <n-2-e. 

By (|33» and Lemma HH CD} and 02) hold. Then by ((3Al) , Q> and p77|> , 

> — -V- > — > + — Vr > 



(3.7) 



v(r) $ 



m m 



(3.8) 



i . r^'fo) ^ n-2 £ 
lim — — — > 1 . 



i-»co p(r,-) m m 

which contradicts (|3.6|) . Hence no such sequence exists and the lemma follows. □ 

Lemma 3.3. Let p > 0, m, n, a > nfi, satisfy (|1.2|) , (|1.3|) and (|1.9|) . TTzen i/iere exz'sfs a constant 
e G (0,min(l, Woo/2)) such that for any R > 1 f/zere exzsfs r' > R smc/i f/zai 

w(r') > £. 

Proof: Suppose the lemma is false. Then 

lim w(r) = 0. (3.9) 

Y— >oo 

We claim that 



lim^)=0. 

r->oo t7(f) 



(3.10) 



By the proof of Lemma 13.21 there exists a constant e > such that (|3.8|) holds. Suppose 
(|3.10|) does not hold. Then by (|3.8|) and (|3.9|) there exists a sequence \ri\*L v ^ — > oo as i — > oo, 
such that riV'(ri)/v(ri) — > 03 as i — > oo for some constant a 3 satisfying 



n - 2 £ 

+ — < a 3 < 



m m 



(3.11) 



and (O holds. By Lemma |32l CS (EB and (l3TTT|) . we get 

if ugL^IR") 



_ (n _ 1)lim ?^) = o 
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and if v g U{W), then by the l'Hopsital rule, 



(n - 1) hm — — — =(a - no) hm 



v{Ti) 



™{n- 2)r n - 3 v(ri) m + mr n - 2 v{ri) m - l v'{ri) 



-{a - nft) lim 



rfv(r t ) 



l-m 



oo n - 2 + m(rjV'(rj)/v(rj)) 



a -nfi 



lim r\v(ji) 



l-m 



Hence 



n - 2 + ma 3 
--0. 



«3 = lim — rr- = 



v(r t ) 



which contradicts (|3.11|) . Thus no such sequence {r,}^ exists and (|3.10|) follows. Since 



2w(r) / l-m ru'CrY 

a/r = — — 1 + — 

r \ 2 v(r) t 

by (|3.10|) there exists a constant R > such that such that 

zt/(r) > Vr > R 

which contradicts (|3.9|) and the lemma follows. 

We are now ready for the proof of Theorem ll.il 
Proof of Theorem H7H We divide the proof into two cases. 
Case 1: a < n$. 



□ 



By Corollary 12.31 , Lemma l2~4l and Lemma IZ6l we get (|1.10|) . 
Case 2: a > n$. 

By Lemma 12.51 there exists a constant C\ > such that (|2.1|) holds. Let < e < 
min(l,zf 0O /2) be as in Lemma [3731 Suppose there exists a sequence fo}^, r, — » oo as i — > oo, 
such that w(ri) < e for all i e Z + . Then by Lemma [3731 there exists a subsequence of {f;}^ 
which we may assume without loss of generality to be the sequence itself and a sequence 
such that r { <r\< r M for all i = 1, 2, . . . and 



zf(r,) < e < w(r^) Vz = 1, 2, . . 



(3.12) 



By (|3.12|) and the intermediate value theorem, for any i = 1, 2, ... , there exists a* e (r ; , r') 
such that 

w(ai) = e W = 1, 2, 



Hence a, — > oo as z — > oo and 



limzf^;) = e. 
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This contradicts Lemma IZTI and Remark |2.2[ Hence no such sequence fa}", exists. Thus 
there exists a constant Ri > 1 such that w(r) > e for all r > R\. Hence (|2.10|) holds with 
C2 = min(e, mini< r < Rl w(r)) > 0. By Corollary I2.3l we get (|1.10[) and the theorem follows. 

□ 

Proof of Corollary IPl By Theorem ll.il 

\x\ 2 v A (xf- m = (AM) 2 u(Ax) 1 - m -> y?"?"^ uniformly on R» \ B R (0) 

(1 - m)(«(l - m) - 2p) 

as A — > 00 for any K > and the corollary follows. 

□ 
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